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Topological indices are used to describe the symmetry of molecular structures and
to predict features like boiling temperatures, viscosity, gyroscope radius, etc.[8] In
recent work, the idea of chromatic topological indices has been explored as an
coloring version of particular Zagreb indices. In this article, new indices for the

line graph of friendship graphs have been developed.
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I. INTRODUCTION

A topological index or a molecular structure
descriptor is a numerical value associated with
chemical structures with various physical properties.
The connectivity index and its variants are used more
frequently than any other topological index in QSPR
and QSAR [3,5,6,7] .

J. Kok et. al

chromatic Zagreb indices for certain graphs such as

found the general formulae of

tree, caterpillar, etc., [4]. Let C = {cq, Cy, ..., ¢} be the
proper coloring of any graph G . Since |C|=1, G
has |! minimum parameter colorings. Denote these

colorings as ¢,(G),1 <t < Il

The minimum and maximum chromatic Zagreb
indices, as well as the related irregularity indices, are

defined as follows:

M¢ (G) =min{MA© 1<t<Ilf1<i<
M/ (G) = max{Mi"’*‘G) 1<t < I!},lg i <

II. LINE GRAPH OF A FRIENDSHIP GRAPH

Definition 1: [1]A fan graph F, is defined as the join
of the path P, and the graph K. Thatis P, + K; .

Definition 2: [2]The line graph of a graph G denoted
by L(G), is the graph whose vertices are the edges of
G, with two vertices of L(G) are adjacent whenever

the corresponding edges of G are adjacent.

Figure 1: Fan Graph Fs.
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Properties of Line Graph
e Orderof L(F,) =Sizeof F, =m =2n— 1.

n?+5n-8
2

o Size of L(F,) =
e Chromatic number of L(F,) = y(L(F,) = n.

III. MINIMUM CHROMATIC TOPOLOGICAL
INDICES

A. First Zagreb Index
[4]The first chromatic Zagreb index of a graph G is

defined as:
n
MA(G) => c(v,)’
i=1
|
=>0(c;)-j*.c;eC
j=1
THEOREM 1:
3 2 _
2n° +3n 6+16n 15, it nis odd
M{ (L(F,))=
! (LR)) 2n®+3n?+16n+24 .. .
, if niseven
6
Proof:

Let eq,e;,:*, 63,1 be the edge set of F, which
represents the vertex set of F,, such that, e, e, -, e,
be the edges joining the vertex of K; to the vertices of
P,and e, .4, ", €3, represents the edges of P,.

Case 1: When n is odd

Consider the ¢~ coloring of L(F,) as follows: c(e;) =

1,c(ep) =2,c(ep) =i+ 1;2<i<n—-1, c(epsq) =
c(enys) = =clezp2) =1 and clent2) =
c(ensa) = =clezp_1) = 2.

From the above coloring we obtain that 8(1) =

6(2) ="“and6() = ;3<i<n
n
M®(6) =Z€(i) 2
1
i=1

n+1 n+1 ) )
=1( - )+4( - )+3 boedn

_5n+5

+1%242% 4+ -+ n% — 1% - 22
_5n—5+n(n+1)(2n+1)
2 6
_2n® +3n% +16n— 15

B 6

Case 2: When n is even

Consider the ¢~ coloring of L(F,) as follows: c(e;) =

1, cle,) =2, cle)) =i+1;2<i<n-—-1,

clens1) =clenyz) = =clezn-2) =1, cleny2) =

c(ents) = - = c(ezn-3) = 2 and c(ezp-1) = 3.
From the above coloring we obtain that (1) =

0(2) = 2,9(3) =2and () =1;4<i<n

n
EGESWIONE
i=1
1™ 4221 4 32 24 .42
_1(2)+2 (2)+3(2)+4+ +n
5n
=7+18+12+22+---+nz—12—22—32

_5n nn+1)2n+1)

2 6
21 +3n% + 16n + 24
B 6

B. Second Zagreb Index

[4]The second chromatic Zagreb index of G is

defined as:
n-1 n
M$(G) =D (c(v;)-c(v,)), viv, € E(G)
i1 j=2
t<s
= Z(t's)nts
1<t,s<I
THEOREM 2:
3n? +5n-16+ > (i-j), if nisodd
3<i<j<n
9n? +19n-58 . . .
M (L(F,))= fzggg(nl-j), if n>6,is even
11, ifn=2
73, ifn=4
Proof:

Case 1: When n is odd
Consider the ¢~ coloring of L(F,) as follows: c(e;) =
1,clep) =2,clep) =i+ 1;2<i<n-—-1, clepy1)=
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and  c(ens2) =

c(enys) = =clezp2) =1
c(ena) =+ = clezp-1) = 2.
From the above coloring we get, ni, =n+
Lmi=ny=23<i<nandn;=13<i<j<n
M;p @) = z @ - ny;
1<i<jsn
= 2012 + 3Nq3 + -+ N0y + 6123
+ 4 2nmgy + o+ n(n — Dipn-1y
=2n+1)+3-24+4-24+-4+n-2+2-3-2+2
“4-24+-+2-n-24+3-44+3-5
+o+3-n+4-5++-+nn-1)
=2n+2+2(14+2+--+n)—6
+4(1+2+-+n)—12
DI
3<i<jsn
n(n+1))

:2n—16+(2+4)( _

DI

3<i<jsn
=3n%+5n—16+ Z G-
3<i<jsn
Case 2: n=2
Consider the ¢~ coloring of L(F,) as follows: c(e;) =
1, C(en) = 2, C(e3) = 3 Hence 7712 = 7713 = T]23 = 1
Therefore MY (G) = 2115 + 3113 + 61,3 = 11.
Case 3:n=4
Consider the ¢~ coloring of L(F,) as follows: c(e;) =
c(eg) =1, c(ey) =c(es) =2, c(ey) =c(e;) =3 and
c(ey) =4 . Hence 11 =113 =123 = 3,M14 =N3s =
2 and 7]24 = 1
M;p (G) = 2112 + 3m13 + 4114 + 6723 +
8024 + 1213, = 6+ 9+ 8+ 18 + 8 + 24 = 73.
Case 4: When n is even andn > 6

Therefore

Consider the ¢~ coloring of L(F,) as follows: c(e;) =

1, clep)) =2, clep)=i+1;2<i<n-—-1,

clens1) = clepgs) = =clezn2) =1, cleny2) =

c(entq) = -+ = c(ezn-3) = 2 and c(ez,1) = 3.
From the above coloring we get 74,

Lnsz=M3=30n=NM3n=2, Nn=1 1 =
Mi=2n3=L4<i<n-1 and n;;=14<i<

jsn

=n -

ME(6) = 2(n—1) +3(3) + 2(4 + 5+ -+ 1)
+6(3)+4(4+5++n—1)+2n
+3(4+5++n—1)+6n

DI

4<i<jsn
nn+1)

=5n-29+ @2 +4+3)——

LI QGY)
4gi<jsn

9n + 19n — 58

Z @-j)

4<i<jsn

C. Irregularity Index

[4]The chromatic irregularity index of G is defined
as:
n-1 n
M? G)= ZZl c(v;)—c(v;) |, v,v; € E(G)

i=1 j=2

t<s

= Z't_s|nts

1<t,s<I
Here 7, is the number of edges e(=uv) in G such
that c(u) =t and c(v) =s.

THEOREM 3:
_3n+l+ Z'('“Ll), if nis odd
— n4
l\/lff(L(Fn))z 5n? 121n+12+2|(|+1)l it nis even
i=1
4, ifn=2
22, ifn=4
Proof:

Case 1: When n is odd
Consider the ¢~ coloring of L(F,) as follows: c(e;) =

1,c(ep) =2,c(ep) =i+ 1;2<i<n-—1, c(epsq) =
c(ens3) = =c(ezn-2) =1 and clent2) =
c(enta) = = c(egn-1) = 2.

From the above coloring we get, n;, =n +
Lmi=n;=23<i<nandn; =13<i<j<n
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M@= li-ily
1<i<jsn
=1y + 2Nz + -+ (n—)nyy
+ 13+ -+ (= 2)np, +
+77n(n—1)
=+ 1D +2:2+3-2++Mm—1)-2+1-2+2
2k (M—2) 2+ 1H2 4
+(n—3)+1+2+ - +M—4) +-+1+2+1
=n+1+2(1+2++n—-1)—2
+21+2+-+n—-2+n—-1)-2n

n—3_(,+1)
i
+2+Z >

i=1

nn — 1))

=1—n+(2+2)( 5

n-3
i(i+1)
D

i=1

n—3_(,+1)
i(i
=2n2—3n+1+z 5

i=1
Case2: n=2
Consider the ¢~ coloring of L(F,) as follows: c(e;) =
1, c(ey) = 2, c(e3) = 3.Hence Ny, =113 =1Ny3 = 1.
Therefore MY (G) = 1n;, + 2713 + 11,5 = 4.
Case 3:n=4
Consider the ¢~ coloring of L(F,) as follows: c(e;) =
cleg) =1, c(ey) = c(es) =2, c(ey) =c(e;) =3 and
c(ey) =4 . Hence 113 =113 =1N23 = 3,114 = N3a =
2and 1y, = 1.
M;P (G) =M1z +2m13 + 3014 + 123 +

2N24 + N34 = 22.
Case 4: When n is even andn > 6

Therefore

Consider the ¢~ coloring of L(F,) as follows: c(e;) =
1, clep) =2, clep)=i+1;2<i<n-—-1,
c(ens1) = cleps) = =clezn2) =1, cleps2) =
c(enta) =+ = c(ezn—3) = 2 and c(ez,1) = 3.
From the above coloring we get 71y, =
Lnz=m3=3Mn=NM33m =2 Mn=1 11 =
Mi=2n3=L14<i<n-1 and n;;=14<i<
j=n

M (G)=(n-1)+2B3)+2@+4+-+n—1)
+13)+2(2+3+-+n—3)
+(n—-2)+2n
+(1+2++n—-4)+2(n—-3)

n—4
i(i+1)
+) =

i=1
nn—-—1
=n+1+2¥

-2)(-1)  (=3)n-2)
2 2 * 2

n—4
i(i+1)
+) =

i=1

-4
_5n2—11n+12+nzi(i+1)
a 2 , 2

=1

D. Total Irregularity Index

[4]The chromatic total irregularity index of G is

defined as:
1 n-1 n
M2 (©) =52 D16(0)—cv)) v, <V (©)

Here 7, is the number of edges e(=uv) in G such

that c(u) =t and c(v) =s.

THEOREM 4:
n(n+1)(2n-3) Z|(|+1) it nis odd
o _ 8
M (L(R))= n®+2n? —14n+24+”z‘i|(|+1) it nis even
8 i1 ’

Proof:
Case 1: When n is odd
Consider the ¢~ coloring of L(F,) as follows: c(e;) =

l,clep) =2,c(e)) =i+ 1,2<i<n—-1, clep41) =
c(enss) = =c(ezp-2) =1 and clens2) =
c(en+a) = -+ = c(egp-1) = 2.

From the above coloring we obtain that (1) =

8(2) ="T“anda(i) =1;3<i<n

> li=ilemo0)

1<i<jsn

- 1
My () =5
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it =1 (1)1

+(n;1)(2+3+~--+n—1)
+(n-2|_1)(1+2+---+n—2)
+"§i(i+1)

2

i=1

:<n-2|-1)<n-2|—1+n(n2—1)_1

m—2)(n—1)\ ~i(i+1)
* 2 >+Z 2
-3

i=1
n

_(m+ 1\ (n(2n-3) i(i+1)
_< 2 )< 2 >+, 2

n-3
n(n+1)(2n-3) 10
)

Mf%c)=<
i=1
Case 2: When n is even

Consider the ¢~ coloring of L(F,) as follows: c(e;) =

1, clep) =2, clep)=i+1;2<i<n-—-1,

c(en+1) =clenssz) = =clezn-2) =1, clenyz) =

c(entq) =+ = c(ezn-3) = 2 and c(ez,-1) = 3.
From the above coloring we obtain that 8(1) =

6(2) =7,6(3)=2and 6()) = 4<i<n

2M?7(6) =1 (f) (E) +2 (E) 2

2)\2 2
n n
+(§)(3+4+"'+n_1)+(5)2

n
+(§)(2+3+---+n—2)+2(1+2
i+ 1)
+---+n—3)+z .
i=1
_n®+2n®—14n+24

4
n—4

+zi(i-2|-1)

i=1

73 +2n2 —14n +24\ v i(i+1)
; +)

Mf%a)=<

i=1

IV. MAXIMUM CHROMATIC TOPOLOGICAL
INDICES

A. First Zagreb Index

THEOREM 5:

3_ 2 _

8n 9n6+10n 3, it nis odd
M (L(F.))=

F(LF)) 8n®*-9n*-8n+18 ., .
, if niseven
6

Proof:

Let eq,e;5,*,€3,—1 be the edge set of F, which
represents the vertex set of F,, such that, e, e;,,:-, e,
be the edges joining the vertex of K; to the vertices of
P,and e, 14, ", €3, represents the edges of P,.

Case 1: When n is odd

Consider the ¢* coloring of L(F,) as follows: c(e;) =
ncle,) =n—1,cle)=i—1;2<i<n-1,

c(ens1) = clepsz) = =c(ezp2) =n
andc(eny2) = c(eptq) = =c(ezn1) =n—1
From the above coloring we obtain that (n) =

n+1

O(n—1)="“and () = 11<i<n-2.

HGESWIONE
i=1

n+1
=12+22+---+(n—2)2+(n—1)2< > )
+ 2(n+1)
"2
n—2)(n—-—1)2n -3 n+1
_(n—2) 6)( ) ( 2 )m?—2n+1
5 8n3 —9n? +10n -3
+n%) = 6

Case 2: When n is even

Consider the ¢* coloring of L(F,) as follows: c(e;) =
n clep)=n—1,clep) =i—1;2<i<n-1,

clen+1) = clepy3) = =clezp—2) =n, clepsz) =
c(ents) = - =c(ezp—3) =n—1land c(ezp_1) =n—
2.

From the above coloring we obtain that 6(n) =
f(n—-1)=2,0(n-2)=2 and 6()=11<i<

n— 3.
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MP'(G) == 12 + 22 + -+ (n— 3)? + (n — 2)222
n

+ (n—1)2 (2)+n2 (;)

n—-2)(n—-1)(2n—3) ) n
= 3 +(n —4n+4)+(z)(n
—-2n+1+n?
_ 8n®—9n” —8n +18
B 6
B. Second Zagreb Index
THEOREM 6:
3n*-7n’+6n-2+ > (i-j), if nisodd

I<i<j<n-2
3n*-7n*+3n+ Y (i-]),

1<i<j<n-2

. if n>6,is even
MJ (L(F,) =

11, ifn=2

93 ifn=4
Proof:
Case 1: When n is odd
Consider the ¢p* coloring of L(F,) as follows: c(e;) =
ncle,) =n—1,c(e)=i—1;,2<i<n-1,
clent1) = clenys) = =clezp-2) =n
andc(epi2) = c(ens) = =clezpq) =n— 1.

From the above coloring we obtain that 7;_1), =

n+1Lnm-1=Nn=21<i<n-2
Ll<i<j<n-2.
Pt o
My (6) = z (- i
1<i<jsn
= > @)
3<i<jsn-2
+2n—-1)1+2++n-2)
+2n(1+2+--+n-2)
+(n—-1nn+1)
=3n3—-7n*+6n-2+ Z (X))

1<i<j<n-2

and T]U =

Case 2: n=2

Consider the ¢* coloring of L(F,) as follows: c(e;) =
3, c(ey) =2, c(e3) = 1. Hence 15 =1nq3 =13 = 1.
Therefore MY (G) = 2115 + 3113 + 615 = 11.

Case 3:n=4

Consider the ¢~ coloring of L(F,) as follows: c(e;) =
c(eg) =4, c(ey) =c(es) =3, c(ey) =c(e;) =2 and
c(ey) =1 . Hence 13 =174 =134 = 3,112 = N1a =
2andn3 = 1.

Mg) (G) = 2n15 + 3143 + 4114 + 6733 +
8124 + 1213, = 4 + 3 + 8 + 18 + 24 + 36 = 93.
Case 4: When n is even andn > 6

Therefore

Consider the ¢* coloring of L(F,) as follows: c(e;) =
n clep)=n—1,clep)=i—1;2<i<n-1,

c(ent1) = cleps3) = - =clezp—2) =n, clepyz) =
c(en+s) =+ =c(ezp-3) =n—1land c(ezp-1) =n—
2.

From the above coloring we get -1y =n—

L Nn-2y(n-1) = Nm-2)n = 3, N1n = N1n-2) = 2,
Mm-1) =L Nin = Nitn-1) = 2 Mim—) = L1 <i <
n—3andn;=11<i<j<n-3.
ot .
M@= ) @
1<i<js=n-2
+2n—1D)A+24+--4+n-3)
+2n(14+24+-4+n-3)
+(n—-1)Mm-2)3)+ (1n—-2)n(3)
+nn—1)(n-1)
= >
1<i<jsn-2
+2n—1DA+24+--4+n-2)
+2n(1+2+--+n-2)
+(n—-1Dn-2)+(n—-2)n
+nn—-1)n-1)

=3n%—7n?+3n+ Z ((X¥))

1<i<jsn-2
C. Irregularity Index
THEOREM 7:
n-1 3(i
2n? —n+l+ z@, if nis odd
i=1
2 _ n_2 :/:
M{ (L(F,))= gl 29n 2 +ZI(I+1), if niseven
i=1
4, ifn=2
25 ifn=4

Proof:

Case 1: When n is odd

Consider the ¢* coloring of L(F,) as follows: c(e;) =
ncley) =n—1,c(e)=i—1;2<i<n-1,
c(ent1) = clepyz) = =c(egn-2) =n

andc(en4z) = c(€ns) = - = c(ezp1) =n— 1.
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From the above coloring we get, ny, =n+
Lmi=n=22<i<n-1 and n;=12<i<
j<n-—1

MG =201+2++n—-1)+nmn+1)

+”§i(i+1)
: 2
=1
21+ 2+-+n-2)
=142+ +n—-1)+nn+1)

n-1
ii+1
+Z ( > )+(1+2+---+n—2)
i=1
_(n—l)n+(n—2)(n—1)
2 2
n—1
i(i+1
+n(n+1)+z ( > )
i=1
n—1
i(i+1
=2n2—n+1+2 ( 5 )
i=1

Case2: n=2

Consider the ¢* coloring of L(F,) as follows: c(e;) =

3, c(ey) =2, c(e3) = 1.Hence 15 =143 =13 = 1.

Therefore MY" (G) = 1115 + 2115 + 1125 = 4.

Case 3:n=4

Consider the ¢* coloring of L(F,) as follows: c(e;) =

cleg) =1, c(ey) =c(es) =4, c(ey) =c(e;) =2 and

c(ey) =3 . Hence 113 =M14 =N24 = 3,113 = Nz3 =

2andn;, = 1.
Therefore Mg)_ (G) =n1p + 2113+ 3N14 + 123 +

2124 + N34 = 25.

Case 4: When n is even andn > 6

Consider the ¢* coloring of L(F,) as follows: c(e,) =
n, cley))=n—1,clep))=i—1;2<i<n-1,

clens1) = clepy3) = - =clegp_z) =n , clepsz) =
c(ents) = =c(ezp—3) =n—1land c(ezp_1) =n-—
2.

From the above coloring we get 1y, =n—
1, N2 =M =3, Ni(n-1) = M2mn-1) = 2, Nn-1)n =
Lni=nn=2n;=13<i<n—-2 and n;=
L,3<i<j<n-1

M (G)=13)+22+3++n—2)
+(n—-1Dn-1)
+(1+2++n—-4)+2(n—-3)
+3(n—2)+2Q2+3++n—3)

n—4

i(i+1)
+1+; >
L =2@-1)
_3f

n-2

_5)+Zi(i-2}-1)

i=1

+(m—1)%+(2n

_5n2—9n—2+"§i(i+1)
B 2 2

i=1

D. Total Irregularity Index

THEOREM 8:

3(n—1)2(n+1)+§i(”1), if nis odd

) 8 E
M¢ L F _ i=1l
(L)) 3n®-n?-18n+24 LLiG{i+1) .. .
. +y , if niseven
i=1

Proof:

Case 1: When n is odd

Consider the ¢* coloring of L(F,) as follows: c(e;) =

ncley) =n—1,cle)=i—1;2<i<n-1,

c(eny1) = clepyz) = =cleznz) =n

andc(enyz) = c(ens) = - =c(ezp1) =n—1.
From the above coloring we obtain that 6(n) =

9(n—1)="7“and9(i)=1;15i5n—2.

+ 1
M@ =5 > 1i-j166)

1<i<jsn
n+1
2Mf+(G)=(T)(1+2+3+---+n—2)
n+1\m+1
—1
T )( 2 )( 2 )
+”§i(i+1)+(n+1> as
_ 2 7 )¢
=1
+n-—2)
_3(n—1)2(n+1)+”'3i(i+1)
- 4 , 2
=1
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3(n—1)2(n + 1) "ii(i +1)
+

¢+
My (6) = 8 4

i=1
Case 2: When n is even

Consider the ¢* coloring of L(F,) as follows: c(e,) =
n, cley)=n—1,clep))=i—1;2<i<n-1,

C(en+1) = C(en+3) == C(eZn—Z) =n, C(en+2) =
c(enta) = - =c(ezp-3) =n—1and c(ezp_1) =n—
2.

From the above coloring we obtain that 6(n) =
O(n—1) =§,9(n—2) =2 and 0()=11<i<
n—3.

2M?" (6) = 1(%) 2) + (g) 2+3+-+n—2)

c0-n()G)

+2(1+2++n-3)
n—4

+(n—2)(2) (g)+Zl(l-2|-1)
n i=1

+(E)(1+2+---+n—3)
3n —n?—18n+ 24

4
+"§i(i+1)
: 2
=1
3 2 n_3. .
o+ =3n —n“—18n+ 24 Zl(l+1)
M, (G) 3 +' 1 2
=

V. CONCLUSION

In this paper we provide an outline of topological
indices of line graphs of friendship graphs. The study
seems to be promising for further studies as these
indices can be computed for many graph classes,

derived graphs and molecular structures.
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